Abstract. We prove that a four-dimensional gradient shrinking Ricci soliton with δW ± = 0 is either Einstein, or a finite quotient of
Introduction
In this paper we investigate four-dimensional gradient shrinking Ricci solitons with half harmonic Weyl curvature. A Riemannian metric g on a smooth manifold M n is called a gradient Ricci soliton, if there exists an f ∈ C ∞ (M) and a λ ∈ R, such that
The function f is called a potential function for the gradient Ricci soliton. By convention we denote it by the triple (M n , g, f ). The gradient Ricci soliton is called shrinking, steady, or expanding, if λ > 0, λ = 0, or λ < 0, respectively. Gradient Ricci solitons play an important role in the Ricci flow as they are self-similar solutions to the flow, making them possible singularity models and critical points of Perelman's entropies. See [5] for an excellent survey of Ricci solitons.
Any Einstein metric is also a gradient Ricci soliton with f taken to be a constant function. The only space which is both Einstein and a gradient Ricci soliton with a non-constant potential function is a Gaussian which is flat Euclidean space. If λ = 0, f can be chosen as f (x) = p ∈ R n . A simplest way to construct a non-Einstein gradient Ricci soliton is to take the product of an Einstein metric and a Gaussian.
In dimensions 2 and 3 these are the only examples of shrinking gradient Ricci solitons as follows from the work of Hamilton [24] , Ivey [26] , Perelman [36] , L. Ni, Wallach [33] , and H.-D. Cao, B.-L. Chen, and X.-P. Zhu [8] . In higher dimensions many authors have studied the classification of gradient Ricci solitons. For the purposes of this introduction we focus only on results for shrinking gradient Ricci solitons. Any locally conformal flat gradient shrinking Ricci soliton is a finite quotient of S n , S n−1 × R, or R n as follows from the works of various authors, see [17, 10, 33, 46, 38, 30] . Recall that a Riemannian manifold is locally conformally flat if the Weyl tensor vanishes. Fernández-López, García-Río [19] , and Munteanu, Sesum [30] generalized the classification of locally conformally flat gradient shrinking Ricci solitons by showing that a gradient shrinking Ricci solitons with harmonic Weyl curvature is either Einstein, or a finite quotient of N k ×R n−k for 0 ≤ k ≤ n, where N k is a k-dimensional Einstein manifold of positive scalar curvature. H.-D. Cao, Q. Chen [7] also proved that a Bach-flat gradient shrinking Ricci soliton is either Einstein, or a finite quotient of N n−1 × R or R n , where N n−1 is an (n − 1)-dimensional Einstein manifold. Naber [32] , Munteanu, M.-T. Wang [31] , Catino [12] , and M. Cai [2] proved various rigidity results under appropriate curvature pinching assumptions.
Dimension four is the lowest dimension where there are interesting examples of shrinking gradient Ricci solitons. The first examples where constructed by Koiso [28] and Cao [4] , also see [18, 43] . Note that all of the known interesting examples are Kähler. In dimension 4, the Hodge star splits the space of 2-forms into the self-dual and anti-self dual parts and consequently the curvature tensor and Weyl tensor respect this splitting (see section 2). It is thus natural to consider self dual or anti-self dual part of Weyl curvature W ± commonly called the half Weyl curvature. X. Chen, Y. Wang [15] and H.-D. Cao, Q. Chen [7] proved that a half conformally flat (W ± = 0) four-dimensional gradient shrinking Ricci soliton is a finite quotient of S 4 , CP 2 , S 3 × R, or R 4 . In [45] , the second author proved that a compact four-dimensional gradient shrinking Ricci soliton with δW ± = 0 and half two-nonnegative curvature operator (which is equivalent to half nonnegative isotropic curvature) is a finite quotient of S 4 or Kähler-Einstein. In this paper we complete the classification of four-dimensional gradient shrinking Ricci solitons with harmonic half Weyl curvature, As opposed to the locally conformally flat or half-locally conformally flat conditions we note that all Einstein metrics satisfy δW = 0 and are Bach flat and all Einstein 4-manifolds satisfy δW ± = 0. Thus, for example Theorem 1.1 shows that one can differentiate whether a gradient Ricci soliton is Einstein or non-Einstein simply by checking δW ± (or the Bach tensor). There are many interesting results about the tensor W ± in the geometry of 4-manifolds see for example Gursky [22] for an interesting gap theorem for W ± L 2 . We also note that any 4-dimensional Kähler metric with constant scalar curvature satisfies δW + = 0 and
(see [16] In the process of proving Theorem 1.1 we also observe that in a result of Catino [12] , the nonnegative Ricci curvature assumption is not required (by replacing |Ric| 2 by |Ric| in his argumnet), Theorem 1.3 (Catino [12] ). A gradient shrinking Ricci soliton with
Remark 1.1. We also point out that our proof is different from the δW = 0 case. For gradient shrinking Ricci solitons with δW = 0, the proofs of Fernández-López, García-Río [19] , and Munateanu, Sesum [30] rely on the following identity. If the Ricci curvature is bounded below and |Rm| ≤ e a(r+1) for some a ∈ R (X. Cao [9] ), or if M |Rm| 2 e −δf < ∞ for some δ < 1 (Munteanu, Sesum [30] 
Unfortunately, it is not clear whether there is an analogous identity for half curvature.
The main arguments to prove Theorem 1.1 are curvature decompostions, the Weitzenböck formula for half Weyl curvature [11, 45] , and an analogous argument of Catino [12] . As with much of the work mentioned above, another important component is the D-tensor introduced by Cao and Chen in [6, 7] . We observe that the D-tensor arises naturally from the standard curvature decomposition. First we show, using the decomposition of the curvature tensor, that if δW ± = 0 then ∇f is an eigenvector of the Ricci tensor, and observe that W ± can be expressed explicitly in terms of the traceless Ricci curvature. Next applying the Weitzenböck formula and the maximum principle, we prove an identity involving the (anti-)self-dual Weyl curvature, the traceless Ricci curvature and the scalar curvature, which further imply that either ∇f ≡ 0, hence (M, g) is an Einstein manifold; or
The rest of the paper is organized as follows. In section 2, we discuss curvature decompositions and the relationship between W ± and the traceless Ricci curvature when δW ± = 0. In section 3, we prove Theorem 1.1, and Theorem 1.2 by applying the Weitzenböck formula and the maximum principle.
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Curvature decompositions on four-dimensional gradient Ricci solitons
In this section we will discuss curvature decompositions on fourdimensional gradient Ricci solitons. First we fix some notation. Our sign conventions for the curvature tensor will be so that
And our convention for the inner product of two (0, 4)-tensors S, T will be
so that our convention agrees with the one in Derdzinski's Weitzenböck formula [16] .
On an oriented 4-manifold, the Hodge star ⋆ : ∧ 2 M → ∧ 2 M has eigenvalues 1 and −1. Thus we can break
to be the dual of (ij), i.e., the pair such that e i ∧ e j ± e i ′ ∧ e j ′ ∈ ∧ ± M. In other words, (iji ′ j ′ ) = σ(1234) for some even permutation σ ∈ S 4 . So for any (0, 4)-tensor T , its (anti-)self-dual part is
It is well known that for four-manifolds, Weyl curvature has a very interesting symmetry,
In particular, for any u ∈ C ∞ (M),
Now we discuss curvature decompositions on four-dimensional gradient Ricci solitons. First recall that, similar to Einstein metrics, for gradient Ricci solitons, we have
following from which we have the following basic identities,
In [6, 7] , H.
δW − ι ∇f W , which plays an important role in their classification of locally conformally flat gradient steady Ricci solitons and Bach-flat gradient shrinking Ricci solitons. We observe that D and its "self-dual" and "anti-self-dual" parts D ± , arise naturally from the standard curvature decomposition. For our purpose we only calculate the four-dimensional case, for general dimensions the argument is the same.
In particular,
Proof. We apply the standard curvature decomposition to both sides of the identity
For the left hand side, we have
Therefore we get
On the other hand, observe that by the second Bianchi identity, we have ∇ i R i ′ j ′ kl = 0, so we get
therefore we obtain
For the right hand side, we have
Taking the difference, we get
Fernández-López and García-Río [19] proved that if a gradient Ricci soliton satisfies δW = 0, then ∇f is an eigenvector of the Ricci tensor. Proof. In equation (3), if δW ± = 0, then
, and extend it to an orthonormal basis {e 1 , e 2 , e 3 , e 4 } of
Combining Lemma 2.3 and Lemma 2.4, we make a key observation that if δW ± = 0, then W ± has a nice expression in terms of Ricci curvature and scalar curvature, Proposition 2.1. Let (M, g, f ) be a four-dimensional gradient Ricci soliton with δW ± = 0. Denote a 1 , a 2 , a 3 , a 4 be the eigenvalues of the traceless Ricci tensor with corresponding eigenvectors e 1 = ∇f |∇f | , e 2 , e 3 , e 4 . Then whenever ∇f = 0,
By Lemma 2.4 we have R 1j = 0 for j = 1, which gives us
If ∇f = 0, then we get
similarly we get W ± 1313 and W ± 1414 . If j = l, then it is easy to compute that W ± 1j1l = 0.
Proof of Theorem 1.1
First recall the Weitzenböck formula for W ± (see [11] or [45] ),
Remark 3.1. The second author [45] derived a Weitzenböck formula for generalized m-quasi-Einstein metrics (or "Einstein metrics" on smooth metric measure spaces), which are defined by
for some f, λ ∈ C ∞ (M) and an m ∈ R∪{±∞}, from which we expect a similar rigidity result for quasi-Einstein four-manifolds with δW ± = 0.
Next we compute,
Proof. Recall the Kato inequality |∇T | 2 ≥ |∇|T || 2 for any tensor T . From Proposition 3.1, we get
Therefore we compute
We have, Lemma 3.1. Let (M, g, f ) be a four-dimensional gradient shrinking Ricci soliton with δW ± = 0, then whenever ∇f = 0,
with equality if and only if, either (1), a 2 = a 3 = a 4 , i.e., W ± = 0; or (2), a 1 = a i = −a, a j = a k = a, 2 ≤ i, j, k ≤ 4, and R = 4a for some a > 0, where a 1 , a 2 , a 3 , a 4 are eigenvalues of Remark 3.2. Lemma 3.1 also works for gradient steady and expanding solitons, and the sign of a in the second equality case changes correspondingly.
The proof of the Lemma will be presented at the end of this section. We first prove Theorem 1.1.
Proof of Theorem 1.1. B.-L. Chen [13] proved that any gradient shrinking Ricci soliton has R ≥ 0. Moreover, either R > 0 on M, or R ≡ 0 on M, and if R ≡ 0 then (M, g) is a finite quotient of R 4 , see [39, 40] . From now on we assume R > 0.
so by Lemma 3.1 we get
If M is noncompact, by equation (2) in Lemma 2.3, if δW ± = 0, then
Munteanu, Sesum [30] proved that for a gradient shrinking Ricci soliton,
for any δ > 0. Therefore if δW ± = 0, then
By a maximum principle of Naber [32] and Petersen and Wylie [38] ,
h -integrable h-subharmonic function is constant, therefore we conclude that
is constant, which also implies equation (6) .
Recall that any gradient Ricci soliton is a real-analytic manifold (see [27] or [29] ), hence all |∇f | 2 , |W ± | 2 , and R are analytic functions on M, therefore either ∇f ≡ 0 or W ± ≡ 0, or the second equality case in Lemma 3.1 holds on M.
) is a finite quotient of S 3 × R or R 4 by [15, 7] . First it is easy to see that
2 ≤ i, j, k ≤ 4, therefore by Lemma 2.4, ∇R = ∇ 1 Re 1 = 2R 11 |∇f | = 0, that is R ≡const on S. By the continuity of R, we have R ≡const on M, and
≡const. Moreover in this case, W ± has only two distinct eigenvalues:
(in fact R ± is two-nonnegative), hence by a Theorem of Derdzinski (Proposition 5 in [16] ), g is a Kähler metric.
Assume M is compact, since R ≡const, by the soliton equation R + ∆f = 4λ, so f ≡const (and g is Kähler-Einstein), contradiction! Therefore (M, g, f ) is a complete noncompact cscK gradient shrinking Kähler-Ricci soliton.
Furthermore, since the eigenvalues of Ricci curvature are 0, 0, 2a, 2a, so we have |Ric| 2 = 8a 2 , plugging into equation (5), we get
, which in particular implies that 0 ≤ Ric ≤ λg. By Proposition 1.3 in [39] , (M, g, f ) is rigid, i.e., it is a finite quotient of N k × R 4−k , where N k is an Einstein manifold. Since g is Kähler, so (M, g) is a finite quotient of N 2 × R 2 . Since R is positive, N 2 has to be S 2 , therefore (M, g) is a finite quotient of S 2 × R 2 .
Proof of Theorem 1.2. On a four-manifold, a Kähler metric with constant scalar curvature satisfies
If (M, g, f ) is a gradient shrinking Ricci soliton, it follows directly from Theorem 1.1.
If (M, g, f ) is a gradient steady Ricci soliton, then R ≡const implies that R ≡ 0 (see [21] or [44] ), and by Proposition 4.3 in [39] , (M, g, f ) is a finite quotient of M × C, where M is a flat Riemann surface.
If (M, g, f ) is a gradient expanding Ricci soliton, then by Proposition 3.2 and Lemma 3.1 we have
Similar to the proof of Theorem 1. [7] , and (M, g, f ) is a finite quotient of Gaussian expanding soliton by Y. Su and K. Zhang [41] .
Case 3. If ∇f ≡ 0 and W + ≡ 0, then it follows from Case 3 in the proof of Theorem 1.1 that it is rigid, hence a finite quotient of M × C, where M is a Riemann surface of constant negative curvature.
Proof of Lemma 3.1. By proposition 2.1, we express each term in terms of eigenvalues of traceless Ricci tensor, By abusing the noataion, we identify φ and 6φ. Observe that φ is a fourth-order homogeneous symmetric polynomial if we assume R = k(a 2 + a 3 + a 4 ) for some k ∈ R.
First we show φ ≥ 0 using Timofte's criterion for positivity of homogeneous symmetric polynomials (see Corollary 5.6 in [42] ), Proposition 3.3 (Timofte [42] ). Let p be a fourth-order homogeneous symmetric polynomial on R n , then
where 1 = (1, 1, . ., 1).
If a 1 = 0, without of loss of generality, assume R = −ka 1 = k(a 2 + a 3 + a 4 ). In our case n = 3, so we need to show that
For φ(t, 1, 1), plugging into equation (7), recall that R = k(t + 2), we get
Consider φ(t, 1, 1) as a quadratic function of k. When −1 ≤ t ≤ 1, the discriminant
and D < 0 when −1 < t < 1. Therefore for all −1 ≤ t ≤ 1,
and φ(t, 1, 1) = 0 if and only if t = 1, or t = −1 and R = 4. For φ(t, t, 1), since we assume a 1 = 0, so t = − 1 2
. Plugging into equation (7), recall that R = k(2t + 1), we get
Consider φ(t, t, 1) as a quadratic function of k, we see that when −1 ≤ t ≤ 1 and t = − , the discriminant
and D < 0 when −1 < t < 1 and t = − . Therefore for all −1 ≤ t ≤ 1 and t = − in φ(t, t, 1)), i.e., a 2 +a 3 +a 4 = 0, then φ can be simplified as 
≤0,
with equality if and only if a 2 = a 3 = 0. So φ ≥ 0, and φ = 0 if and only if a 2 = a 3 = a 4 = 0. Therefore we proved that φ(R, a 2 , a 3 , a 4 ) ≥ 0 on R 4 .
Next we show that when a 2 = a 3 = a 4 , then φ > 0. Assume that a 2 = a 3 = a 4 and φ(R, a 2 , a 3 , a 4 ) = 0. Taking the difference again, we get a 2 = a 3 = a 4 , contradiction! So φ > 0 when a 2 = a 3 = a 4 .
Therefore φ ≥ 0, and by Timofte's criterion and above argument, φ = 0 if and only if, either a 2 = a 3 = a 4 , i.e. W ± = 0; or a 1 = a i = −a, a j = a k = a, 2 ≤ i, j, k ≤ 4, and R = 4a, for some a > 0.
